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and

J. Kok

ract

nimax problem, arising from the stability theory of one-step methods,
olved by reducing it to-a system of nonlinear algebraic equations and
ying the damped Newton method. In order to start this method a least

res solution was used as initial approximation. This initial approxi-

on turned out to be sufficiently accurate to obtain convergence.
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yduction

In this report the authors (which are members of the department of

.ed Mathematics and the Computational department, respectively) try to
» numerically a minimax problem for polynomials of which the first,
71, coefficients are prescribed. When p=1 the problem is equivalent

le well-known minimax problem of Chebyshev in which case an analytical
ion can be given. When p > 1 no analytical solution seems to be known,
1at numerical methods have to be used.

The numerical approach presented here is based on the solution of a

f non-linear algebraic equations determining the coefficients of the
iomial. In order to solve this set some version of the "damped Newton
)d" was employed. First, it turned out that it was difficult to provide
sufficiently close initial approximations for the coefficients. To
ome this difficulty a least squares problem was solved yielding
ximations of the minimax solutions which appeared to be satisfactory
iitial approximations. A second difficulty was the break down of the

:d Newton method when the number of unknown coefficients exceeds 10.
er, it was found that this is not as serious as might be expected,

ise of the following three reasons. In the first place, enough in-
tion about the minimax solutions could be collected to discover a

ion between some parameter B (see section 1) associated to these

omials and the degree n. In fact, it was found that

B ~ cp n-

: cP is a constant depending only on p. It is this parameter B which is
tant in applications of minimax polynomials (see section 1). In view
e above relation we may predict the value B for polynomials which

it be calculated by the damped Newton method. Secondly, the least

'es polynomials appeared to possess the same property, although with
rent values for cp. In order to find polynomials for which the para-

' B 1s close to the optimal one, least squares solutions were derived
everal weight functions. In this way, polynomials were found with

ively slightly lower values for B than the optimal ones.




inally, it & remarked that the |l of finding least squares ap-
roximations 'ed in this report + the usual one. However, it
iakes use of jions in orthogonal omials with the advantage that
he accuracy » least squares sol . depends mainly on p and hardl
n n,

The auth sh to acknowledge rk done by Mr. M, Bakker who w

he program b h the least square ‘oximations were obtained.




;atement of the problem

In reference [2], p. 26 the following problem was stated. Let Pn(x)
polynomial of the form

= +1 =
) P (x) = Ap(x) + xF Bq(x), n = ptqt+l,
2 Ap(x) is the polynomial

Ap(x)=1+x+_1__x2+...+_1__xp
2! p!
3q(x) is an arbitrary polynomial of degree q in x. Further, let B(n)
number such that

) |p (-8(m))| =1, [|p (x)] <1, -8(n) <x<0.

, the problem is to construct the polynomial Bq(x) for which B(n) is
arge as possible for given values of p and q.

This problem arises in the theory of difference schemes. The polyno-
Pn(x) generates a p-th order exact difference scheme which is more
rient as the value of B(n) is larger.

When p = 1 the problem is the well-known minimax problem of Chebyshev

ls solved by the polynomials
-2
P = +
) n(x) Tn(1 n °x),

2 Tn is the Chebyshev polynomial of degree n in x. The value of 8(n)

Lven by

) B(n) = 2n° .

P > 1 no analytical solution seems to be known.




In [2], p. 2T it was shown that if there exists a polynomial Pn(x)
hich has in the interval [-8(n),0] at least g+1 alternating tangent
oints with the lines y = +1 (see figure 1.1), then no other polynomial

ith the same values p and q will yield a larger value of B(n).

WV
"

fig. 1.1 The optimal polynomial for p = 2, q = 2.

y assuming that such a polynomial does really exist one can set up 2q +
on~linear equations for the q + 1 coefficients Bp+1""’Bn of Bq(x) and
he q + 1 tangent points of Pﬁ(x). It is readily seen that these equation

re

. —-g-1+]
P (x;) = (-1)7797TH ,
1.5) s J = 1,2,000,q+1
P'(x.) =0

y solving the set (1.5) the optimal polynomials characterized by
(P,Q) = (2,0)3 (2’1)3 (3’0), ()490)

ere constructed (see [2], section 6). Furthermore, a method was given

hich yields polynomials Pn(x) for which

B(n) vecn asn > o,




> ¢ is a constant. However, these polynomials are not optimal in the

> that the numbers B(n) associated to them are as large as possible.

In this paper we give a numerical method to construct optimal poly-

1ls Pn(x) for arbitrary values of p and q.

>oint of departure was the set of 2q + 2 equations mentioned above.

: equations were solved by an algorithm developed by Kok [3]. An out-
of the program will be given in section 3.

It turned out, however, that for q > p the initial approximation of

mknowns, necessary to start the algorithm of Kok, must be very close
1e actual solution in order to get convergence. In the follgwing

.on a method is given which yields sufficiently close initial approxi-

ons.

tast squares solutions as initial approximations.

Our starting point in constructing reasonable initial polynomials is
‘ollowing definition of the polynomials we are looking for.
}' be a given positive number and let Pn(x) be a polynomial of the form

' such that the norm

0 1
e (0] = J (P (x)T%x | ™
_B!

nimized for m = =, When B' increases from O to infinity the value of

expression will behave as illustrated in figure 2.1
12, G,

-
|
\
|
l
|

0 B(n)

fig. 2.1 Behaviour of the ||Pn(x)]|°° as a function of B' .




learly, the optimal polynomial as defined in section 1 corresponds to the
alue of B' where ||Pn(x)||°° begins to increase. If one carries out the
inimization of ||Pn(x)||°o for a sequence of values of B' one should find
n approximation of the optimal polynomial. In practice, however, this is a
ifficult process. Therefore, we have preferred to minimize the least
juares norm ||Pn(x)||2, which is much easier to compute than the maximum
orm.
ore generally we calculate the value of

0
2.2) J w(x) Pan(x)dx .

-B!
nere w(x) is a weight function. The function w(x) is added to compensate
ne fact that m = 2 instead of m = », We will see that w(x) # 1 may yield
stter initial approximations than w(x) Z 1. When a number of least squares
olutions corresponding to a sequence of -B' values was obtained we took

ne one which has its values just between +1 and -1 over the interval
-B',O).

.1 Derivation of the equations determining the initial polynomial.

The problem remains to minimize (2.2) for given values of B', p and q.

t first sight, the most simple approach is to solve the equations

0
2. d 2 .
3) T J w(x) Pn(x)dx =0, j = DFlye..,n.
dJ -B!
r equivalently
> ->
2.3") AB=Db,

here E is the vector with components Bp+1"°"Bn’ b the vector with com-
onents

0

qu)ﬂﬁﬂu,i=wu“un

J -B!




. & matrix with entries

Unfortunately, the matrix A is very ill-conditioned for large values
and we may expect B' to be large as n increases. Therefore the nume-

. solution of equation (2.3) may be unreliable.

We have preferred the following method of solution which leads, as we

see, to a set of equations the number of which only depends on p and

n n.

s we adjust the polynomial Pn(x) on the interval [-B8',0] to the

val [=1,+1], i.e.
P(x)=Q(y), y=2rx+1
n n ? B! :
1y, Qn(y) satisfies the conditions
(3) - (BN .o
Qn (1) - (2 ) s J % 0313"'3P'

(y) be the weight function w(x) adjusted to the interval [-1,+1] and
')}?=0 the set of polynomials of degree i, i = 0,...,n which are
)gonal with respect to v(y) over the interval [-1,+1] and normalized
that pi(1) = 1, Further, let

n

Q (¥y) = iZO a; p.(¥).

w minimize the expression

S 2
viy)| 1 o p(3)| ° ay
1=0

-——

1
[ v ey =
-1 -

the additional conditions (2.4).




Introducing the Lagrange parsmeters A A1,...,xp we arrive at the set o

0’
equations
3 2 (3) -
(2.6) 2a; J v(y) @ (y)ay + jzo As (1) =0,

-1

or, substituting (2.5) and using the orthogonality relation between the
polynomials pi(y),

(2.6') 2 a; b, + _i xj p§j)(1) =0,
J=0
vhere
1
(2.7) n; = [ 200 vin)ay.

-1
from (2.4) and (2.5) it follows that

n . , s
(2.47) iZo o piJ)(1) = (g_)J, J = 0,15000sDs

ience, by combining (2.6') and (2.4') we obtain

n N v 1
(2.8) 73 0 'p; (1) a1 = 280
1=0 J=0

or equivalently
>
(2.8") AX=5%,

> > .
vhere A 1s the vector with components AO,...,AP, b is the vector with

romponents

'\1
bl=-‘2(g—) 9 l=0,1,ooa,P




A is the matrix with entries

p, (1) p, M (1)

)
a - = L
N i by
By solving equation (2.8') the Lagrange parameters are obtained and
ubstituting these values into (2.6') the coefficients a, can be com-

d. Finally, the coefficients Bj are computed from the relation

(3)
k(0 g v (J)
T =37 Z 13' p; o ().

We observe that the order of the matrix A is p+1 and does, contrary
he matrix A corresponding to the direct method, not depend on n.
e we are only interested in cases where p is small (p = 2,3,4), we only

to invert matrices of relatively low order, irrespective the value

The computation of h, and pi(J)(1).

In order to solve equations (2.8) we have to compute the values of

nd pi(J)(1). The class of orthogonal polynomials considered here, is

class of Jacobi polynomials (compare reference [ 1], p. 561)

) = (iZa)-1 Pi(a,B)(y)

~—

pi(y Z F(-1i,i+a+B+1j0+1; l-é:y-)

2 F denotes the hypergeometric function.

>olynomials pi(y) as defined by (2.9) satisfy the condition pi(1) =

are orthogonal with respect to the weight function

v(y) = (1-y)* (1+y)B .

A
~

According to [1], p. TT4 we have for hi the explicit expression
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(2.11) n, = (1ry)2 2% P(itar1) r(its+1)

i i 2i+o+B+1 1! T(i+a+p+1)

The values of the gamma function in this expression can be generated by

the recurrence formula
(2.12) r(z+1) = z r(z),
50 that only the values of I'(a), I'(8) and I'(a+B) are necessary.

The values of pi(J)(1) can be calculated by means of the formula
(see [11, p. 557)

J (a). (b).
Q;T'F(a,b;c;x) = —d ] F(at+j,b+jsctjsx) .
dax? (c)j

3ince F(a,b3c;0) = 1, this yields

(-i)j (i+a+8+1)j
(a+17j

2.13) () - (-1)3 .
‘n these formulae the symbol (z)j is defined by

_ _ I'(z+j)
2.1&) (Z)O = 1, (Z)j = P(z)

»3 Initial approximations for the case p =2

We now are in a position to solve equations (2.8) and to find the
yefficients Bj by formula (2.9).

First we compute the value of the parameter BR'(n) of the polynomial
iich just remains between +1 and -1 over the interval (-g'(n),0). In
\ble 2.1 approximations are given for a number of weight functions of type
.20) i.e.
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) viy) = (1-y)a(1+y)8 s, o> =1, 8> -1,

Table 2.1. Approximate values of B'(n) for p = 2

(6801 (0,-3) | (0,0) | (0,1)](=3,-3)](=3,0) | (-3,1) | (3,-3)| (,0) | (3,)
3 6.2 5.4 4.7 6.2 5.3 4.5 6.2 5.6 4.8
L 1.4 ] 10.2 8.2 | 11.6 9.6 7.7 | 11.2 | 10.6 8.6
5 17.9 | 16.4 | 12.6 | 18.4 15.2 | 1.7 | 17.4k | 17.5 | 13.5
6 25.5 |24.1 | 18.0 | 26.4 22.1 | 16.4 | 24.7 | 26.0 | 19.5
T 34.4 | 33.6 |2k.3 | 35.8 30.3 | 21.8 | 33.2| 3k.T | 26.6
8 Lh.5 | uk.8 | 31.6 | 46.6 39.8 | 28.0 | k2.7 | k4.6 | 35.0
9 55.8 [ 57.9 |39.8 | 58.7 50.7 | 34.9 | 53.4|55.5 | Lk.6
10 68.4 | 70.0 | k9.0 | T2.1 63.0 | k2.6 | 65.2| 67.6 | 55.5

Before these results are discussed it is interesting to give the cor-

ading table of B'(n)/n2 values:

Table 2.2. Approximate values of B'(n)/n2 for p = 2

—~
Q
™

~—

)

=
—
v e
-
o

~~
~~
Nl=
-

=
~~

(0,-3)[(0,0) | (0,3) |(=2,-3)|(-2,0)|(-

<Ol

3

.6889 |.6000 | .5222| .6899 |.5889 |.5000 |.6889 |.6222 |.5333
.7125 |.6375 | .5125| .7250 |.6000 |.4812 |.7000 |.6625 |.5375
.T160 |.6560 | .5040| .7360 |.6080 |.4680 |.6960 |.7000 | .5400
.T083 |.6694 | .5000| .7333 |.6139 |.4556 |.6861 |.7222 |.5L417
.7020 |.6857 | .4959| .7306 |.6184 |.hLkLk9 |.6776 |.7082 | .5429
.6953 |.7000 | .4938| .7281 |.6219 |.L4375 |.6672 |.6969 | .5469
.6889 |.7148 | 491k | 7247 |.6259 |.4309 |.6593 |.6852 | .5506
.6840 |.7100 | .4900| .7210 |.6300 |[.4260 |.6520 |.6760 | .5550

O 0O O ~N O UV F W

—_

from this last table it may be concluded that B'(n)/n2 becomes approx-
ly constant as n increases and, therefore, we may evaluate the merits

. . . . 2
sarticular weight function by considering this constant g'(n)/n
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- n sufficiently large. The larger its value, the better the corresponding
.tial polynomial. Thus, considering the values 6'(n)/n2 for n = 10 in

)le 2.2 we see that negative values of a and B yield better approxima-

ms than positive ones. In order to select the best weight function in the
lare -1 < a < 0, =1 < B < 0 we have computed the values of B'(10)/100 at

1e more points in this square. The results are listed in table 2.3.

Table 2.3. Approximate values of 8'(10)/100 for p = 2

®l-9 | -8 | =7 |-.6 |=5 |-k | -3 [-.2 | -1 0
B
0| .601 .630 .T10
-.1].61k4
-.2|.67T9 | .700| .7T23 | .TL6
-.3|.758 | .759 | .T50 | .Th1 .T16
-4 | 762 | .753| Tk | . T35
-.5|.756 | .T47| .738 | .T29 | .T21 .68k
-.6].750 .723 .700
-.7 .T26
-.8
-.91.732 .T06 .683

This table suggests to take the weight function

2 _ b
0 (14y) 10

.10") v(y) = (1=y)

2 coefficients of the corresponding polynomials are given in the next
ble.
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2.4, Coefficients of the initial polynomials ge
L

d by the weight

2 - =
function v(y) = (1-y) 10 (1+y) 10 for P

8(n)/n° | 10° By 1010 B, 10" B 1012 B¢ B 1016 Bg
.6889 | 63219113
.T438 | 78277488 | 36419210
.T640 | 84503139 | 55430520 | 12359887
LT66T | 8814LL4T2 | 66906897 | 22771947 | 2860535
.T673 | 90239984 | 73958254 | 30304887 | 6065960 7064
.T656 | 91668190 | 78788327 | 35849713 | 8909019 1566 | 5927514
.T6L42 | 92599300 | 82067441 | 39858254 | 11217344 2893 | 15938188
.7620 | 93312949 | 84541252 | 42943614 | 13106106 8978 | 27705275
.T603 | 93809168 | 86324539 | 45253786 | 14601169 5002 | 39515796
.T590 | 94161999 | 87638953 | 47011439 | 15787376 5099 | 50537230
.T5Th | 9kL666LY | 88731680 | L8UE1429 | 16778978 4307 | 60692137
L7561 | 94689746 | 89563026 | 49594940 | 17577039 8615 | 69657222
L7547 | 94891957 | 90284391 | 50563881 | 18260555 0738 | 77722289

’ I

2.4 continued

18 B 1020 B1o 1022 8. 1024 B 1028 B3 1 1032 B1s

578040k

17246582 | 4554170

32195017 | 14797599 | 2933677

8555501 | 29538458 | 10312673 | 157k223

)524T607 | 47274320 | 22071379 | 5996676| T204272

31190662 | 66307057 | 37154536 | 13607585 | 29337930 3550

)6307865 | 85852481 | 5460836k | 24179854 | 70806079 1738 | 9654371




1k

4, Initial approxi the cases p dp=1L4
In the same way receding sec nitial approximations ca
calculated for p 1 restrict o putations to the cases
= 3 and p = L.
Analogously to give the re for p = 3 and p = L.
Table 2.5. values of B 2 for p =3
S8 (0,-1)] ¢ (-3,-D[ (-}, D[ Ga-b)| (3,00 | (3,3)
L .3750 | . .3750 | .337 25 | .3750 | .3437 | .3187
5 4080 | . 4120 | .360 60 | .4oko | .3760 | .3280
6 L4222 |, 4306 | .372 ok | .4167 | .3972 | .3361
7 L4306 | . .4388 | .379 84 {.422h | .4122 | .3408
8 4328 | . 4438 | .385 T2 | .b23h | . 4266 | .3438
9 RICUTI 1469 | .388 60 | .k222 | .4370 | .3469
10 43ko | . L4480 |.392 4o |.4220 | .4360 | .3490
Table 2.6. values of B 2 for p = 4
N8| (0,-1)| ( (-3,-D[ (-3, L[ (3-D)| (3,0) | (3,3)
5 .2kko | . .2klo | .220 Lo |.24ko | .2240 | .2080
6 2722 | . L2750 | .241 67 | .2694 | .2500 | .2222
7 .2878 | . .2918 | .257 2k | .2857 | .2673 | .2347
8 .2969 | . .3016 | .265 81 |.2938 | .2797 | .2k06
9 .3025 | . .3086 | .271 96 | .2975 | .2901 | .2L57
10 .3070 | . .3130 | .276 20 |.3010 | .2970 | .2k90
An examination les reveals lar behaviour as for
= 2. This suggests ate the poly s generated by weight
nction (2.10') whi priate in th P = 2. We found the

sults given in tab
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Table 2.7. Approximate values of B'(n)/n2 for p = 3,4
and (a,B) = (-.9,-.4)

n p=3 p=L
L .3750

5 4160 2400
6 1389 2722
T 1531 .2939
8 4578 .3078
9 L6117 .3160
10 4650 .3210

sected, weightfunction (2.10') is also superior for p = 3 and p = L.

>le 2.8 and 2.9 the coefficients of the corresponding polynomials

lven for n = 4,...,15.

2.8. Coefficients of the initial polynomials generated by the weight
function v(y) = (1-y)” "2 (1+y)"h for p = 3

8(n)/n° 10° B), 1019 B 10" Be 10'3 By 101h Bg 1016 By
.3750 | 18566961
4160 | 23841563 | 11272742
1389 | 26119633 | 17849599 | L359060
L4531 | 27310479 | 21743696 | 8191339 | 11729676
4578 | 28157310 24508302 | 11296700 | 26265769 | 2426682
L4617 | 28681481 | 26332928 | 13589687 | 39626765| 6098337 | 385111k
4650 | 29020601 | 27575676 | 15272960 | 50781509 9989971 | 10718995
U661 | 29300984 | 285T7LLE5 | 16643936 | 60L19166| 13799552 | 19285529
L6Th | 29492253 | 29287789 | 17672005 | 68141098 17171792 | 28172490
U675 | 29663234 | 29901248 | 18549600 | T486LT29| 20260759 | 37100213
4679 | 29783262 | 30351910 | 19220402 | 80238579| 22876992 | 45298215
4680 | 29882200 | 30722338 | 19776074 | 84TT6T11| 25161785 | 52844005




11 13

45190

24898 L3L

32327 | 1610 576

85026 | 3558 905 | 202065

07864 | 6175 634 | 857614 2

nts of the 1 omials gener weight
viy) = (1-y) for p = 4

5 10" Bg 1013 Bg |10 Bio
906

805| 2453562

T69| 3932303

720| 4841515 2839611

21k4| 5458416 6117187

601| 5902015 9896L05| . 1 51083
855| 6217836 12932403| 2 25994
169| 6464221 15576278| 3 33903
121| 6635977 17687394 | L4 93693
330] 6778691 19511985| 5 9L08T
457| 6899450 21100439| 6 25569




nued

ro

10

15
25

25
10 B1h

18371625
75488881
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}. A numerical method for solving systems of non-linear equations

In this section we discuss the "damped Newton method" (see [ L4 ] and

"5 1) in order to solve equations (1.5).

}.1. Definitions

This method starts from the Newton-Raphson method (NR method) for

solving a system of non-linear equations
3.1) f(x) =0,
1 compact notation for

3.1'") fi(x1,...,xn) =0, i=1,...,n.

/ith the NR method equations (3.1) are approximated (in each iteration) by

1 first order Taylor series expansion

'3.2) £xE)) + 3o xx®)y = 0

n this formula the matrix J(f) is the jacobian of all first partial deriv-

itives of f(x).

(k) (k)

et § =x -x , then (3.2) becomes

(k)) s

(k)))

'3.2') f(x + J(f(x

(k)

'rom these linearized equations § can be solved. In the NR method,

:(k+1) = x(k) + G(k) is taken as the starting point for the next iteration.

n the damped Newton method, however, the step vector is not necessarily

S(k), but p.d(k) (0 < p <13 in fact p = 2_t, t > 0).

}.2. The damped Newton method

2 T2
e |[al® = ] e
1=1

‘hen, for acceptance of the step §

(]]--]| is the euclidean norm).

(k) k+1))H2

, it is required that Ilf(x(
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k
( ))||2, where only the first

least a given fraction A less than ||f(x
p =1, and p is halved until the stepvector p.$ is accepted.
, at each iteration we obtain for p the first element of the sequence

%,-%,... for which

e+ 068N 12 < (1) . [

p becomes too small, the last value of ||f(x(k))|| is accepted as a

(k)

ive minimum of ||f(x)||. Otherwise, when ||f(x'"')|| is less than a

tolerance, x k is close enough to a zero of f(x) = 0.

Applications

When this method was applied to the special system of equations (1.5),

rned out that for q > p, it was very difficult to provide with a
(0)
)3

ciently close initial approximation (x for q > 10 the approxima-

of the jacobian obtained by central differences became singular.
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. Approximations to the optimal polynomials

Possessing an algorithm to solve the algebraic equations defining the
ptimal polynomials and having derived initial approximations, we are in a
osition to actually compute these optimal polynomials. In our calculations
e made use of the property that the parameter B(n) corresponding to the
nitial polynomials approximately behaves as cn2, ¢ being a constant given
n table 2.3. By virtue of this property we minimized expression (2.2)
ith 8' = cn® and did not check whether Pn(x) remains between -1 and +1
ver the interval (-B',0), but used Pn(x) as initial approximation. In
ding so a considerable amount of computing time was saved. Furthermore,

t turned out that we not necessarily have to take the best initial approx-
nation. In all our experiments the weight function corresponding to
nebyshev polynomials generates sufficiently close initial approximations.
ne reason that we took the trouble to optimize the initial approximation

5 that, for n > p+10, it is not possible to obtain results by the damped
ewton method. We shall discuss this point at the end of this section.

In tables 4.1, 4.2 and 4.3 the results for p = 2, 3 and 4 are listed.
astead of B(n) we have given the value of B(n)/nz. Similar to the polyno-
ials obtained as least squares solutions,the minimax solutions also have

1€ property

+.1) g(n) ~ cn2 .
lere ¢ is a constant (see table L4.1-4.3).

Unfortunately, the algorithm did not yield answers for n > p+10.
>wever, when the "best" initial polynomials obtained in the preceding
action are compared with the polynomials given above we see that the

rresponding values of B(n) are comparable within 10%, see table L.k,
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ions B

1tions

5

rn >> 1

p p=1L
22| 8(n) ~ .46n°| B(n) ~ .32n°
22| 8(n) ~ .hon® | B(n) ~ .34n°
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